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The propagation of the acoustic and the electromagnetic signals is studied in materials with tetragonal and
hexagonal symmetries that are piezoelectric, piezomagnetic, or magnetoelectric. Three magnetic spatial sym-
metries are considered: 622 for hexagonal crystals and 422 and 4’22’ for tetragonal crystals. The equations for
the five modes (three mainly acoustic and two mainly electromagnetic) are solved both in the general case and
in specific cases in which the material is only piezoelectric, piezomagnetic, or magnetoelectric. It is found that
the piezomagnetic and the magnetoelectric coefficients and the magnetic permeability renormalize the elastic
constants, the piezoelectric coefficients, and the dielectric tensor. The acoustic frequencies depend on the angle
6 that the component of the wave vector in the a-b plane forms with the a axis. The main contribution to the
electromagnetic modes derives only from the dielectric tensor and the magnetoelectric coefficients and it is
independent of € and of the piezoelectric and the piezomagnetic coefficients. Starting from the general equa-
tions, a method has been devised to study separately the acoustic and the electromagnetic solutions. It is found
that a number of relations must be verified in order to have stability of the electromagnetic and the acoustic

modes.
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I. INTRODUCTION

The piezoelectric effects are known since long time and
today there are many review books on the topic,'™ whereas
the piezomagnetic effects were discovered only in the last
decades.® For a long time this problem attracted mainly the
physicists devoted to the classification of the point and the
space groups of the magnetic materials.” Only recently the
discovery of materials with piezomagnetic properties and
their connections with the magnetoelectricity and the piezo-
electricity begins to clarify the roles that they can play in
new devices, transducers, and sensors for acoustic, electric,
and magnetic signals.®~'# Also, the finding of multifunctional
materials that show both piezoelectric and piezomagnetic ef-
fects is a goal of the recent research in materials science. It
was found that crystals such as Pb,MnO, (Ref. 15) could
show simultaneously piezoelectric and piezomagnetic ef-
fects: the point and the spatial symmetry groups of the ma-
terial were identified in the tetragonal point group and in the

P42,c spatial group that becomes the P42,c’ magnetic
group,’ for which the effects of the symmetry on the elastic,
the piezoelectric, and the piezomagnetic coefficients are well
known. Recently, the problem of the coexistence of the fer-
roelectricity and the ferromagnetism has been studied in
multiferroic materials, considering both the elementary
mechanisms and their effects.!®

The propagation of the coupled acoustic and electromag-
netic signals has been studied both in piezoelectric!’>} and
in multiferroic materials>*? with different symmetries. In
this work we develop the theory of the propagation of the
acoustic and the electromagnetic signals in materials with
tetragonal and hexagonal point symmetries assuming that
they are at the same time piezoelectric, piezomagnetic, and
magnetoelectric. The magnetic spatial groups 4'22" and 422
have as point group the tetragonal one, whereas the magnetic

1098-0121/2009/80(9)/094103(18)

094103-1

PACS number(s): 77.65.—j, 77.84.—s, 72.55.+s

spatial group 622 has as point group the hexagonal one. The
starting idea to treat all these problems is the generalization
of the piezoelectromagnetism theory developed in a previous
work for the hexagonal ceramics,”® based on Ref. 27. We
find that there are five modes (three mainly acoustic and two
mainly electromagnetic) that can propagate in the crystal.
The three acoustic modes can be strongly coupled with the
piezoelectric and the piezomagnetic coefficients, whereas the
two electromagnetic modes are characterized mainly by the
dielectric and the magnetic susceptibilities and the magneto-
electric coefficients. In the infinite medium, the wave vector
has components (q,,q,,k) with the z axis directed along the
¢ axis and the contribution of the piezoelectric and the piezo-
magnetic coefficients depends on the angle 6, such that
tan 0=§{. In any case, when the electric and the magnetic
permeal;ilities are large, the electromagnetic regime is
reached at lower frequencies. The piezomagnetic coefficients
and the magnetic permeability modify the elastic coefficients
of the material; the piezomagnetic coefficients, the magneto-
electric ones and the magnetic permeability renormalize the
piezoelectric coefficients; finally, the magnetoelectric coeffi-
cients and the magnetic permeability modify the dielectric
constants. A general method is introduced in order to sepa-
rately calculate, with a high accuracy, the acoustic and the
electromagnetic frequencies. It is found that, for all the con-
sidered symmetries, the square of the electromagnetic fre-
quencies is positive if the renormalized dielectric constants
are positive, but it can occur that the group velocity of the
modes can be larger than the light velocity ¢, indicating that
the mode is not stable. For all the symmetries considered in

this work, the acoustical modes are stable except P42,c’ that
can show instability due to the piezomagnetic effects.

In Sec. II, starting from the constitutive equations, the
general equations are found by separately considering each
symmetry. In Sec. III the theory is elaborated by writing the
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set of independent equations and discussing the method used
to separately calculate the acoustic and the electromagnetic
frequencies. In Sec. IV we calculate and discuss the features
of the solutions for the hexagonal and the tetragonal symme-
tries considering piezoelectric, piezomagnetic, and magneto-
electric materials and the general case. Finally, in Sec. V
some remarks and conclusions are addressed.

II. EQUATIONS FOR THE PROPAGATION OF THE
ACOUSTIC AND THE ELECTROMAGNETIC SIGNALS IN
PIEZOELECTRIC, PIEZOMAGNETIC, AND
MAGNETOELECTRIC MATERIALS

The general form of the functional F that allows the deri-
vation of the constitutive equations for a material that is

piezoelectric, piezomagnetic, and magnetoelectric is given
by’

2|:E CijkiSijSki — 2 SUEE E MUHH :| - E eijkEisjk
ijki ij ij ijk
Ezlijsjk E )\U (1)

ijk

where the indices i, j, k, and [ assume the values of 1, 2, and
3; cjju are the elastic constants; E; and H; are the components
of the electric and the magnetic fields; e;; and z;; are the
piezoelectric and the piezomagnetic coefficients; €;;, w;;, and
A;; are the components of the dielectric constant, the mag-
netic permeability, and the magnetoelectric tensors; and, fi-
nally, the quantltles s;; are defined as s;=d,u, 55,=0,v, 533
=d,w, 52;—2(&-v+¢9 w) sl3—2((9 u+dw), and s,= 2(& u
+6'xv) where u, v, and w are the matter displacements along
the x, the y, and the z directions and d,, for instance, is the
partial derivative with respect to x. The constitutive equa-
tions are found starting from F through

Tij = &SijF’
Di = - &EiF’
Bi == aHl.F’ (2)

where Tj;, D;, and B; are the stress tensor, the electric dis-

placement, and the magnetic induction fields. Using the
Voigt compact notation and considering that the material has
tetragonal or hexagonal symmetry, Egs. (2) reduce to

Ty=Ti 1 =c 10U+ C1pdyv + C139;w,

Ty =Ty =cpdt + c110y0 + c139;w,
T5=Ts3= 130U + €130,V + C3309,W,
Ty=Ty= C44((7ZU + ayw) —eE -2y, =Ty,
Ts=T3=cy(du+dw) * e Ey + z14H, =Ty,

To=Tiy= coo(dyut + 0,v) — e36E. — 236H, = Tpy,  (3)
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D,=gE +e(dp+dw)+ N\ H,
Dy=gE, * e\4(d.u+dw)+ N\ Hy,
D, =e3E, + e3q(dyu+ dv) + N33H.,, (4)
B, = py Hy+214(00 + dw) + N E,,
By = Hy = z14(0.u+ dw) + Ny Ey,

B.= us3H. + 236(dyu + 9,0) + A33E.. (5)

The nonzero elastic coefficients for the tetragonal materials
are €y, €12, €13, €21=C12, €22=Cqy1, €23=C13, €31=C13, €320=C13,
€33, Caa, C55=Cya4, and cg. The same holds for the hexagonal
symmetry, but with the additional condition 2cgg=c;—cys-

For materials with spatial group P42,c’ the nonzero piezo-
electric coefficients are ey, e)s=e4, and esq; the nonzero
piezomagnetic ones are Zzj4, Zr5=214, and zzg; and for the
other symmetries (tetragonal and hexagonal) it occurs that
€36=236=0, ers=—eyy, and z,5=—z14. Finally, in all cases the
magnetoelectric coefficients A;; are all zero, except N33 and
Ap=N\;; the same occurs for the dielectric tensor (g;;=0,
except 33 and &,=g;;) and the magnetic susceptibility
(mij=0, except us3 and wy=p;).” From Egs. (5) it is easy to
calculate H and then the magnetization M=B — u H,

1 N
(1— )B +—((9v+(9w)+ ”EX,

M M1 M1t

1 N
(1— )B _—(&u+o7w)+ HE\,,

i M My

1 A
M, = (1 - _—)BZ+ ?(ayu +dv)+—2E.,  (6)
M33 M33 M33

where ;= =0 and u, is the vacuum magnetic permeability.
The above constltutlve equations are adapted to the groups of
interest in the following way: (a) for the tetragonal spatial
group 422 the bottom sign is taken in Egs. (3)—(6) and fur-
thermore z35=e3,=0; (b) for the hexagonal spatial group the
same rule as in (a) holds, with the further condition 2cg
=c|1—cp; and (c) for the tetragonal spatial group 4’22’ the
upper sign in the mentioned equations is taken. In Ref. 26 it
was shown that the five acoustic and electromagnetic modes
in a piezoelectric crystal can be found from equations in
which the electromagnetic field is described through the vec-
tor and the scalar potentials A and ®. For the systems of
interest in this work those equations become

T+ 0Ty + 3. T3, =Q0u,

T+ 0T+ 9. T3=00d,0,
T3+ 0Tz + 9. T33=0d,w,

V-D=0,

094103-2



PROPAGATION OF ACOUSTIC AND ELECTROMAGNETIC...

1
VA - ?ﬁtzA=—ILL0(3’,P—V X M,

1 1
V- —gd=—V P,
& LN
P=D - gE,
M =B - uH,
B=V XA,
E=-9A-VO,
1
V~A+—2(9,q)=0, (7)
c

where P is the polarization vector, g is the electric perme-
ability, and c=1/\eyu, is the light velocity in the vacuum.
The first three of Egs. (7) are the dynamic equations for the
matter displacements when mechanical and electromagnetic
forces act; the fourth equation is the Gauss law in the mate-
rial; the fifth and the sixth equations give the propagation of
the vector and the scalar potentials, whose sources are the
polarization and the magnetization currents and the polariza-
tion charge density; the seventh, the eighth, the ninth, and the
tenth equations are the constitutive equations for the polar-
ization and magnetization and the relations that connect the
electric and the magnetic fields to the vector and the scalar
potentials. Finally the last equation is the Lorentz condition.
There is a number of equations (nine) larger than the un-
known quantities (seven), indicating that two equations are
depending on the others.

The starting point is writing the matter displacements
u(x,y,z), v(x,y,z), and w(x,y,z); the scalar and the vector
potentials ®(x,y,z) and A(x,y,z); and consequently the
electric and the magnetic fields as

u(x,y,z) = [d,p(x,y) + dyihlx,y) lexpli(kz — w1)],
v(x,y,2) =[dy¢(x,y) = diflx,y) lexpli(kz — wi)],
wix,y,z) = Wix, y)expli(kz - wi)],
D(x,y,2) = plx,y)explilkz — wr)],
A(x,y,z) =F(x,y)expli(kz - wi)],
E(x,y,2) = (ioF, - dyp)expli(kz - wi)],
E\(x,y,2) = (iwF, - d,p)expli(kz — wi) ],

E (x.y.2) = i(wF, ~ k)expli(ks - wi)]
=—iM expli(kz - wr)],

B,(x,y,2) = (0,F, — ikF)expli(kz — w1)],
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By(x,y,2) = (= 0,F, + ikF,)exp[i(kz — wt)],

Bz(x,y,Z) = (&xFy - ‘9)FX)GXP[1(kZ - wt)]
== (94 + d,,) Cy explilkz — wt)]. (8)
It turns out that the matter displacements are described
through the functions ¢(x,y), ¥(x,y), and W(x,y) and the
electromagnetic field is described through [we omit the fac-
tor exp i(kz—wt)]

1)
M=k¢— oF,, =?¢>—sz, 9)

and the two-dimensional vector
I?bE (Fx’Fy):V X [Cl(st)2]+VH(x,Y) (10)

with the Z vector along the ¢ axis. In Appendix A it is shown
how to generalize the procedure used in the previous work?®
to find the independent equations that allow us to calculate
the five modes (three acoustic and two electromagnetic)
propagating in this material. This is done only for case (c)
(tetragonal spatial group 4'22") that requires a more compli-
cated mathematical procedure (the other cases can be treated
similarly). For the symmetry 422 the following independent
equations are obtained:

ViA + 2AC66(9X},¢'] + ik(C]3 +f44)VzW+ a)kh|4V§C1

—ikﬂ(kT— iVZM) -0,

7

M1
ViB + 2AC66(‘9yy - axx) ¢1 - k2ﬂvicl
M1
+ ikh ( T kVZM) 0
1 14\ — Wi — 7 b =V,

ik(cis + fa) Vi@ + (fuVi + 00 = c33k)) W — iwh ,V;C,

ZM( 2% )
- kT - VoM | =0,
M1y ye? ’

V2C, - 22C, - iy hyalike + W) — Rz p— i AM = 0,
C
— &, ViM + £57*M — ik*h N2 — iZ2cAV;C,
— z14we, Vi(ikg + W) =0, (11)
where

A= (611Vi +0w” = fuk) e,

B= (MV% ewz—f44k2)l/f,

2
l/’l = ((9yy - O')xx)lzb'l' 2axy‘P7 (12)
2
< FSPLSY!
f44=C44+i’ hiy=ey— >
M1t M1
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11— C12 2
Acge=co6— , V=0 + 9y,
8..
gij=_ll» A= N,
€0
_ N - hy
81=8ii___l’ hl4__’
Mii €0
w = _
Bzz’ Zzzkz_lgzgllufll’
A A
A=—-—b P=p-F, (13)
M33 Mg

1 ﬁl] 2|: wk( 1 )
ST TR YR ¥
v’ 2 e\ JoN
—ik%ﬁmw—k@(z‘k@wv)} (14)
¢ M1

The symmetry 622 can be handled by setting Acg=0 in Egs.
(11)—(14). For the symmetry 4’22’ the following equations
are obtained:

2(9)(}A - (axx - (9”,)3 + Af66V13¢1 + Zik(CIS +f44)(9xyw

K 1
+ i<h36 - ?/’”4) ViM + lka)h14<?V§ + 1>G

+V§(ﬁvﬁ+k2ﬂ)cl=o, (15)
M33 M1
(ﬂxx - a},y)A + Z&X),B - kthViCl + ik(C13 +f44)((9xx - (9),y)W

w

. 214 1 2 ) 2 }
+ik— k(—V +1|G- ViM =0, (16)
//«11{ )’2 b 0272 b
ik(c13+ f14) Vi + (fuaV) + @0’ = c3ak®) W = Zik%axycl
11
1
- h14|:— iw(é’m— 19),);)C1 + 2(?)(},{in— ?(wG - kM)}:|
1 ® .
—(&xx—ﬁyy) ? kG—?M —ikH( |=0, (17)

_ 214
M1

Vi[vicl - 75C, +Zs6&'//1 - i()\33ﬂ - )\11>M}
M33 M33

. w —_ 7 .
- l?#llhm{— e 3y_v)W}

- l‘kZ]4(l’kl,[/] +20xyW) 20, (]8)
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- SIViM + 83Z2M + i22h3617[l] + ]’_ll4k(lk1//] + Z&X}W)

- ZZZCAViCI + Z14(081{ik(P1 + ((9” - &yy)W} = 0,

(19)
with the additional condition (A6) of Appendix A and
ViH-iG=0 (20)
and the further definitions
2
< 236033
f66=C66+i’ hys=e36— >
M33 M33
C11—C2
Afes=fo6— > (21)

Equations (11)—(14) allow us to completely solve the prob-
lem for symmetries (a) and (b), whereas case (c) is solved
from Egs. (15)—(21) and (A6). In all the cases, the procedure
is to write linear equations for ¢, ¢, W, M, and C|, after the
calculation of G and H in terms of ¢, ¢, W, and M through
the additional conditions.

It is noteworthy to mention that the main physical issue
that can be devised from the complex equations derived
above is that the elastic constants are renormalized by the
piezomagnetic coefficients and the magnetic susceptibilities;
the piezoelectric coefficients are renormalized by the piezo-
magnetic and the magnetoelectric coefficients and the mag-
netic permeabilities, and finally the dielectric constants are
renormalized by the magnetoelectric coefficients and the
magnetic susceptibilities. It occurs that the elastic constants
are positive, the piezoelectric and the piezomagnetic coeffi-
cient can be positive or negative, and the renormalized di-
electric constants are positive only if &y, ,u,”>)\%1 and
833M33>)\§3. Except for the hexagonal symmetry, there are
the operators d,, and d,,—d,, that break the cylindrical sym-
metry of the equations.

III. CALCULATION METHODS FOR THE MODES IN
THE INFINITE MEDIUM

A. Linear equations

The main goal of this work is to calculate the frequencies
of the acoustic and the electromagnetic modes in the infinite
medium and to study their features upon changing the piezo-
electric, the piezomagnetic, and the magnetoelectric param-
eters and the dielectric and the magnetic susceptibilities. It is
convenient to work in the two-dimensional Fourier transform
and to introduce adimensional quantities. It occurs that (d,,

—3dy,)f(x,y) and 2d,f(x,y) become —¢*f(q,.q,)cos 26 and

—qu(qx,qy)sin 26, respectively, with g,=gcos 6, g,
=g sin 6. Defining Q=(g*>+k?)"? it is possible to introduce
the adimensional quantities

_ Ci: - fa
=—r fi/:—lL’

Cij > Ji
Cay Caq
Eoo—Si_ oy i
= ’/_’ l]_ /_’
\Cy4€ N Caalbo
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Zishy Z36\3
Hy=Eyy———, Hy=Ex—— , (22)
M1 M33

klzé, qlz-g-, and the quantities

Y= 0Newd,  Ya=iQVeyW,

Yy=iNeghl, Yy= 0™yl

[1 = 1
Y5=Q2 _Clv a=— g?
Mo C YV Cyy

y=_, ﬁ=ay, (23)

so that both sets of Egs. (11)-(14) and Egs. (15)—(21) and
(A6) give two linear sets of five equations

EAU =0, i=1,...5. (24)

Apparently the matrix elements are different for the three

symmetries studied. In particular, they coincide in cases (a)

and (b), apart the additional condition Aces=0 for case (b).

The matrix elements are called B for cases (a) and (b) and
;j for case (c). Being Z*= K-« y 1€, we have

_ _ = k1 14
By = (&) + Aqq sin® 20)g7 + fuukt - — =
AN

22
Bl2=_kl(513+j~r44_ k;%M),
Z

ky
B3= ?stlay,

k2
By =— qACq sin 20 cos 20— —-Z,,H,ay,
M1

Bis=—kiH\ay, (25)

i@
By = — q7AGg sin 260 cos 26— Z14H14ay’

2
1
By = ?ZMHMO%

2
323— H14,
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B, = C11—Cn AE 2
3= 2 + C66COS 20 q1+f44k

ki
— 2
- ?MnHmazyz - yz’

2
]
Bys=—Zyy,
Mi11
20
B —kq2<5 +f kZM)
s1=kigi\ Cii+ faa— ,
2’y
-~ Bz,
By=y* 41<f44 — Cy3kT,
27y

2
q1
Biy3= ?ZMSICW’

2,2
qiki
Bsyy=- 72 Zi4H ay,

Bys=—qiHyyay,
By =k Hygey,
By =-pHjay,
By =— 1A’
By=- k%zm,
Bys=—(qi +ki— &1 a®y?),
Bs; = —kiqie,Zysy,
Bsy=qie, Zyay,
Bsy=qie; +&527,
Bsy=—kiqiH 4.,

Bss=— ZZCI%A-

(26)

(27)

(28)

(29)

To find the matrix elements for case (c), it is convenient to

define the quantities

= ~ Cnutcip
a :yz—f44k%_ (f66+ > )‘I%’

_2 F 2 o~ 2
a=y" = fask — Crq7,
_2 F 2 o~ g2
a3 =y~ = faaq — C3k7,

Bi= }’2 —f44k% —fseq%’
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- Ci1—C
_ 2 2 C11=C2 »
Br=y"— faski - qi,

2
_ . kiZ4
H,=-ayH,sin 26— ——cos 26,
M1
k\Z
G, = ayH,, cos 20— ——in 2, (30)
M1
so that
A]] =— ) sin 26+ %HMHIk%ay,

= s, o
A12=—k1{(013 + faa)sin 20+ Z_21H14H'ay}’
K
Ap=— (H36+ ?HM),

A= B, cos 20+ %HMGIk%ay,

Z3s Ziy
Ais==2q1 - =k, (31)
M33 M1

3
A21 =—a, COS 20+Z14H1Z_12,

o k
A22=—k1{(cl3 +f44)COS 20+ZI4HIZ_]2},

|
Apy=- Zl4ay81?’

. ki
A24= —Bz sin 26 + Z]4G1?,

Ays = aykH 4, (32)

~ m VA
A31 :qu%|:513 +f44H1%<ayH14 sin 260+ kl__MCOS 20):|,
M1

w zZ
Ap =0y —q%Hl%(ayHM sin 260+ kl_—Mcos 20),
M1

2
Ay = %(— kiH 4 sin 20— ayZ,,&; cos 26),

m z
Agy= qu%GIM—;‘(ayHM sin 20+ k, —2cos 20) ,
z M1

2 Zyy .
Aszs=—qi| — ayH 4 cos 20+ k;—sin 20|,  (33)
M1
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z z
Ay = ﬁn{(_—%qf - k%_—”)sin 20+ ayk,H,, cos 20},
M33 Mi11

VA
A42= ﬂll(— ayH14 cos 260+ k]__MSin 20),
M1

Ay =ppA,

z Z
A= ﬁu{ <_ =02y k%_—“‘)oos 20+ ayk,H,, sin 20},
M33 M1y

Ays=— (oY, - 1), (34)

Asi = qi[{(H 4+ Hyo)ki — Hygo?y iy &) }sin 260
+Zl4a'yk181 COS 20],

A52 = - q%(Hlélkl Sin 20+ Zl4ay81 COS 20),
Asy= 141+ &3k] — &’y78 183701,

A54 = — q%[{(Hlét + H36)k% - H36a2y2/.7/1181}COS 29
- Zl4ayk181 sin 20],

Ass=—qi(k; — a®y’e ;). (35)

The frequencies of the modes are given by the zeros of the
determinants [|A,]| or [|B;] that depend on several types of
couplings, for example, H;;H,,, (renormalized piezoelectric
coupling), Z;;Z,,, (piezomagnetic coupling), A;\; (magneto-
electric coupling), H;;Z,,, (piezoelectric-piezomagnetic cou-
pling), H;;\,, (piezoelectric-magnetoelectric coupling), Z;\,,
(piezomagnetic-magnetoelectric coupling), HiZ,\,
(piezoelectric-piezomagnetic-magnetoelectric coupling).

B. Methods of solutions

For crystals with the symmetries 422 and 622, the number
of the parameters is strongly reduced in comparison with
case (c), so that the discussion of the results is simplified. In
any case, two main issues come out in the calculation and the
interpretation of the solutions: the first one is that the value
of the determinant becomes huge for high frequencies, so
that it is very difficult to find the very narrow range where it
becomes zero. The second one is that there are many param-
eters that can be changed. A method is proposed that allows
us to calculate with accuracy and separately the acoustical
and the electromagnetic eigenfrequencies.

Since the parameter « is the ratio between the sound and
the light velocities, its value is very small (around 107%), so
that ay<<1 if y=1, whereas y>1 if ay=1. These two re-
gimes occur when the acoustic and the electromagnetic
modes are studied. In the first case, by developing the matrix
elements A;; or B;; up to the second order in ay, it is ob-
tained, for example, that
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2
> AP ayy, (36)
p=0

so that the determinant [|A,||=D is written as

5 5 j=1....5

D=Do+ay2 D;+ (ay)? 251'"' > Dy |, (37)
i=1 i=1 i=1,...5

where Dy is the determinant of the matrix whose elements

are A;; 0) . D; and D, are the determinants such that all elements
are A except those of column i that are A(l) and A(z) (p
=1, 5) respectlvely, and, finally, the determmants D
have all elements A except those of columns i and j that
are A, 1) and A, 1) (p= 1 .,5). In Appendix B the terms A
and the analogous B f) are wr1tten The determinants D, are
third order in the variable y* (see Appendix B) and are writ-
ten for the tetragonal and the hexagonal symmetries. They
depend on the renormalized elastic, piezoelectric, piezomag-
netic, and magnetoelectric coefficients. It seems that even to
the zeroth order the acoustic frequencies are modified by the
mentioned parameters. In Appendix D and in the next section
it is shown that there are cases when this does not occur. A
second question is to know when the correction to the
zeroth-order frequencies is of first or second order in the
parameter «. When Efz D;=0, the corrections are of the sec-
ond order. Some specific cases in which first- or second-
order corrections show up are discussed in Appendix D.
The electromagnetic modes are such that ay=1 and con-
sequently y:j—x> 1. By inspection, only the elements B,
B,,4, and Bj, in the symmetries 422 and 622 and A, A4, Ay,
Ay, and Ay, in the symmetry 4'22' are of the order a2, so
that by developing the determinant with the Laplace rule,
terms of the orders &, o, a2, a°, o2, and o* are found.
The coefficient of the term a® gives in all cases the same

2
algebraic equation of second order in g—z

ij

IV. DISCUSSION OF THE RESULTS

In Appendix C the case of the propagation of the acoustic
and the electromagnetic signals along the x, the y, or the z
direction is discussed. It is found that all the renormalization
effects on the elastic and the piezoelectric coefficients disap-
pear, but not the modification of the dielectric constants due
to the magnetoelectric contribution. The piezoelectric and the
piezomagnetic effects appear to the second order in «. The
explicit calculations require the knowledge of the adimen-
sional piezoelectric piezomagnetic, and magnetoelectric co-
efficients E;;, Z;;, and \;, respectively: the first ones are well
known for many classes of materials, so that the values used
in this work are reliable; the second ones are less known, but
there are some experimental data giving the order of
magnitude.”® Finally, the quantities \; are fixed by taking
into account that the inequalities & ;> )\% and &33/33
>)\§ must hold. Apart from the simple case presented in
Appendix C, the other cases are discussed considering sepa-
rately the electromagnetic and the acoustic regimes.
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A. Electromagnetic modes

For all the symmetries considered, the electromagnetic
frequencies are given to the zero order by

2 - —
B _b=*qive
Q*  2eefty

b= 8161%+ 83(k%+ 1)+ ﬁll—/\zcﬁa

c=(g,—&3)* + @ A’[2(e) + &3) + i1 A%, (38)

and to the first order by

2 4
2 2 aQ
Bn=Bo~ 5, =1 (39)
*q Bi)\c

where T has a very complicated form and it is different in all
the cases considered. The expression of 7T is not written for
brevity. The main feature of Eq. (38) is that the zeroth-order
frequencies depends only on the renormalized dielectric con-
stant £; and &3, the magnetic susceptibilities u;; and 33, and
the magnetoelectric coefficients A; and A;. The stability of
the modes requires that &, and &5 are both positive. All the
effects due to the direction of q in the x-y plane and the
piezoelectric and the piezomagnetic coefficients are included
in the coefficient 7. The zeroth-order results become exact
for materials that are only magnetoelectric. In all the other
cases the piezoelectric and the piezomagnetic effects and the
angular dependence appear only to the second order in a.
The features can be sgmmarized in the following way: (a) the
square frequencies /'i? are always positive; (b) if ;=0 (i
=1,3) and for any values of 5“ =1 and &33=1, it is found
that both the phase velocmes k and * v and group velocities of
the modes 42 i © and 42 "2 are less than c; and (c) if \; and/or \;
are not zero, it is found that not only the phase velocity, but
even the group velocity can be larger than c. For brevity, one

o it if;;,
respectlvely, when g1,=1, &53=3, A\;=0.5, and A\;=1. 5
and - k are shown/ﬁnctlons of k; (0=k;=1) and (-% as
a functlon of g;=V1- k It is seen that the group velocities

k become larger than ¢ for k;—1 and ;E for g, —1.
Since the group velocity cannot be larger than ¢, it means
that the dielectric and the magnetic susceptibilities and the
magnetoelectric coefficients must verify some inequalities.
Since

case is shown [Figs. 1(a)-1(c)] that gives

ldw Q kl

cdk  Boye

-
ldo Q & +e3+a A>*+N\¢E

cdg Bo) 218301,

; (40)

it is found that %‘2—‘: is less than 1 for any k and ¢ for both the
electromagnetic modes if
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a,

FIG. 1. (a) The square frequencies of the electromagnetic modes
as a function of k; when u;;=u33=1, &;;=1, £33=3, \;=0.5, and
N3=1.5. (b) The group velocity %‘2—‘,‘: of the electromagnetic modes
as a function of k; when u  =fu33=1, £;=1, £33=3, A\;=0.5, and
N3=1.5. (c) The group velocity %Z—‘;’ of the electromagnetic modes
as function of g; when u;=m33=1, £;;=1, £33=3, \;=0.5, and
)\3 = 15

Enjin = 1+\]. (41)

Furthermore, for the upper mode %fi—‘q” satisfies the same con-
dition if

28830k — & — 83— i A* =0,

Ve = 268381, - &1 — 83— A2, (42)

The lower mode has the group velocity always less than c. If
conditions (41) and (42) are not strictly verified, the modes
can exist only in ranges of k and gq.

B. Acoustic modes

To discuss the features of the acoustic modes, the follow-
ing values of the elastic constants ¢;;=2.0, ¢1,=0.12, ¢}3
=0.21, c33=1.85, and c=0.69 are fixed and k;=0.5. These
values are consistent with those of the hexagonal piezoelec-
tric ceramics.’ The three acoustic frequencies when all piezo-
electric, piezomagnetic, and magnetoelectric coefficients are
zero are obtained starting from Eq. (B10) or Eq. (B20).
There is a dependence on the angle € that is more evident
around 0:%, because at 0:1—7 the frequencies assume maxi-
mum or minimum values, and furthermore the curves show

PHYSICAL REVIEW B 80, 094103 (2009)

FIG. 2. The square frequencies of the acoustic modes in the
tetragonal 422 symmetry as a function of Z4, when 6=0, u,
=ﬁ33=§“=§33=1, and k1=0.5, )\12)\3=E14=0.

periodicity in the range (0,7). If AZs=0, the frequencies
become independent of 6.

1. Acoustic modes in the hexagonal 622 and in the tetragonal
422 symmetries

These cases can be easily discussed looking to Eq. (B9)
for the hexagonal symmetry and Eq. (B7) for the tetragonal
422 one. In the hexagonal case, two frequencies are purely
elastic and the third shows a strong coupling to the piezo-
electric, the piezomagnetic, and the magnetoelectric coeffi-
cients. It can be shown that also this last square frequency is
always positive.

In the tetragonal symmetry 422 the angular dependence of
the frequencies appears in the form g>Ac sin 26 cos 26 and
the square of the frequencies are always positive, as it results
from the numerical calculations. Apart from the angular de-
pendence, the feature of the modes is that increasing |Z,4]
and/or |E,,| the higher frequency increases, whereas the
other two remain near to the acoustic ones. A unique feature
that occurs is shown in Fig. 2, where the frequencies are
shown as a function of Z;;, when 6=FE;;=N;=A3=0 and
€11=€33=M11=f33=1. There are ranges of Z;, where the fre-
quencies are constant and coincident with the purely acoustic
ones (in Fig. 2 this occurs for the lowest and the highest
frequencies for Z;, around the zero mode and for the first and
the second modes for higher Z,4). Furthermore, the detailed
analysis of the modes around the crossing region of the two
lowest frequencies shows that there is a true anticrossing
rule. Similar results are obtained if Z;,=0 and E4+# 0, and
the phenomenon occurs in a different way also if §#0. In
the cases described, the curves are symmetric if Z;,——Z4
or E1,— —E}4. On the other hand, if £, # 0 and the frequen-
cies are calculated again as a function of Z;,, the symmetry is
lost and the higher mode is such that the two coefficients can
give a cooperative contribution to increase the frequency; the
same occurs if the magnetic susceptibility ;> it33. In this
last case, the enhancement of the highest frequency occurs
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FIG. 3. (a) The square frequencies of the acoustic modes in the
tetragonal 422’ symmetry as a function of Zz;, when 6=0, i,
=ﬁ33=§11=§33=1, k1=0.5, and )\1=)\3=E14=E36=Zl4=0. (b) The
square frequencies of the acoustic modes in the tetragonal 4’22’
symmetry as a function of Zy, when 0=7, i =ji33=8;1=833=1,
k;=0.5, and N\\=N\3=E4,=E3c=Z,4=0. (c) The square frequencies
of the acoustic modes in the tetragonal 4’22’ symmetry as a func-
tion of Z36’ when 0=0, Z|4=5, ﬁl 1 =ﬁ33=§| 1 =6_‘33= 1, k| =0.5, and
N =N3=E|4=E34=0.

for negative (positive) Z,4 when E;, and \, have the same
(opposite) sign.

2. Acoustic modes in the tetragonal symmetry 4'22’

The features of the acoustic modes are difficult to study,
because there are many parameters that can change. For this
reason it is convenient to study particular situations before
considering the general case.

Piezomagnetic materials. If only the parameters Zz and
Z,4 are not zero, the following features are obtained: (a) the
dependence on the angle @ is similar to that obtained previ-
ously with a maximum or a minimum at t9=;—T ; (b) in Figs.
3(a) and 3(b) the dependence of the frequencies on Zsg is
shown when 0=0, 7, Z;=E;=E3=0, \;,=0 (i=1,3), and
€11=€33=M11=33=1: the same phenomenon described for
the previous tetragonal case is found, with the presence of
two frequencies independent of Z;4 in Fig. 3(a) and of only
one in Fig. 3(b); (c) if Z3s«<>Z,4, the same figures are ob-
tained; and (d) if Z;4,# 0, the symmetry of the curves when
Zyo— —Z3 1s lost, as it appears in Fig. 3(c), where 6=0,
Z14=5, Ey=E3=0, \;=0 (i=1,3), and &;,=833=f1;,= L33
=1.

PHYSICAL REVIEW B 80, 094103 (2009)
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FIG. 4. (a) The square frequencies of the acoustic modes in the
tetragonal 4’22’ symmetry as a function of Zzs, when 0=0,
=7, @33=8;1=833=1, k;=0.5, and \|=N\3=E;4=E33,=2Z14=0. (b)
The square frequencies of the acoustic modes in the tetragonal
4'22" symmetry as a function of Zzg, when 0:1—7, m=7, i3
=§]1=§33=1, k|=0.5, and }\1=)\3=E14=E36=Zl4=0.

In Appendix D it is shown that one frequency can be
easily calculated when sin 260=0 or cos 26=0 [see Egs. (D4)
and (D8)]. Such formulas show that in the first case the
square frequencies are strongly modified by the piezomag-
netic coefficient, whereas in the second one it is purely elas-
tic apart from terms in a?. Equation (D4) is particularly in-
teresting because if f33=1; or Z3,=0 or if ¢ or k are zero,
the square frequency is always positive; but, if k and g are
not zero and % and Zs, are sufficiently large, this quantity
becomes negative. In Figs. 4(a) and 4(b) the acoustic fre-
quencies are shown as a function of Zs¢ for #=0,7, when
Z14=E\4=E3=\;=0 (i=1,3), &),=833=33=1, and g =7.
It is found that, for only a range of Z;¢ around zero, the three
frequencies are all positive. Furthermore, it appears again as
the phenomenon of the frequencies independent of Zs4. The
increase in Z;, eliminates the symmetry of the curves for the
transformation Z;q— —Z34, but the instability of the modes is
only partially removed.

Finally, if Z;,=0 and Z,, is varied, the square frequencies
are always positive, although there are ranges of Z;, where
they are constant as in the previous cases. This case is not
discussed for brevity.

Piezoelectric materials. If piezoelectric materials are con-
sidered, it is found from Eq. (D2) and (D6) of Appendix D,
obtained for sin 26=0 and cos 26=0, respectively, that these
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square frequencies are always positive. The general feature
found in this case is that, apart from the stability of the
modes for all values of the parameters £, and Esg, it occurs
again that the frequencies are independent of the piezoelec-
tric coefficients.

Pure magnetoelectric material. Taking E;;=Z7;;=0, the lin-
ear set whose matrix element is given by Egs. (31)—(35)
simplifies significantly, because the acoustic waves decouple
completely from the electromagnetic ones. The solutions can
be found without approximations. The acoustic solutions are

given by Ay=0 with §#0, g=W=M=G=C,=0, u=d,
(ie., T=ig,h), v=—0¢ (ie., 0=—iqP), du+dw=0, and
A1A3—A»A5=0 with ¢ and W not zero and zz=1171=6
=C 1=0. The electric and the magnetic fields are zero and the
frequencies are given by

C11=C12 »

2 2
=k + ,
X B q

2

J—
by + \b? —4c,
X=—

2 bl

ci +¢
b1=q2<1 +E66+ “le) +k2(1 +E33),

-
¢ = [k2+ (566+ %)cf}(q%aﬁk% — PR +E)
(43)

The two electromagnetic modes are given by AyAss
—As53A,45=0, whose explicit solutions are given by Eq. (38).

It occurs that M, 51, and G are not zero and o= W= IZ=0

(i.e., i=0=W=0). No angular dependence is found.
General case. The final aim is to study if it is possible to
eliminate the instability introduced by the piezomagnetic co-
efficient Z;¢ changing the piezoelectric and the magnetoelec-
tric coefficients. The best results could be to write inequali-
ties that should be verified to obtain positive square
frequencies. Since the square frequencies are solutions of a
third-order algebraic equation, the simple way to have such
relation is to say that the square frequencies are positive, but
these conditions contain not only the piezoelectric, the piezo-
magnetic, and the magnetoelectric coefficients, but also the
wave numbers k and ¢ and the angle 6. In our opinion, it
should be interesting to find conditions between the struc-
tural coefficients that assure the square frequencies to be
positive for any k and ¢, but this is difficult to be achieved.
For this reasons the particular situation in which Zzc=2,
Z14=5, and ;=7 are taken as starting point, that, as seen in
Figs. 5(a) and 5(b), gives two negative square frequencies. In
Fig. 6(a) the frequencies are shown as a function of E3; when
the other parameters are 6=0, E4,=0, and &;=833=u33=1.
Similar results are obtained for 8+ 0. It is found that nega-
tive value of Esq allows us to eliminate completely the insta-
bility. In Fig. 6(b) it is shown that also the magnetoelectric
coefficients can contribute to eliminate the instability, as it is
seen because the calculations are done with the same values

PHYSICAL REVIEW B 80, 094103 (2009)

6]
4]
P
04 RN

-2_ //,’-' -.'_\\

_6_- /(,'
_8_/’.,
-104"

FIG. 5. (a) The square frequencies of the acoustic modes in the
tetragonal 4’22’ symmetry as a function of Zss, when 0=0, |,
=7, Z14=5, py3=811=8x3=1, k;=0.5, and \;=N\3=E4=FE3=0. (b)
The square frequencies of the acoustic modes in the tetragonal
4/22' symmetry as a function of Zsg, when 6=7, @y,=7, Z4=5,
ﬁ33=§11=§33=1, k1=0.5, and )\12)\3=E14=E36=0.

of the parameters of Fig. 6(a), but taking \;=2.5. If the nega-
tive value of A; is taken, the effect of the magnetoelectric
coefficient on the highest frequency is much less important.
The same occurs if the parameter A5 is taken as nonzero.

V. CONCLUSIONS

In this work the problem of the propagation of coupled
acoustic and electromagnetic signals has been solved in ma-
terials with hexagonal and two types of tetragonal spatial
magnetic symmetry. The procedure to find the set of five
independent equations, whose solutions give three acoustic
and two electromagnetic modes, has been described in detail.
Since the acoustic and the electromagnetic frequencies differ
by many orders of magnitude, a procedure has been intro-
duced that allows us to treat separately the acoustic and the
electromagnetic cases, using the fact that the parameter «
(the ratio between the sound and the vacuum light velocities)
enters the theory.

The general results can be summarized as follows:

(a) the elastic constants of the material are renormalized
by the piezomagnetic parameters and the magnetic suscepti-
bilities;

(b) the piezoelectric constants are renormalized by the
piezomagnetic and the magnetoelectric constants and the
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FIG. 6. (a) The square frequencies of the acoustic modes in the
tetragonal 4’22’ symmetry as a function of Ezg, when 6=0, i,
=7, Z14=5, Z3¢=2, u33=811=E33=1, k;=0.5, and N\|=N\3=E4,=0.
(b) The square frequencies of the acoustic modes in the tetragonal
4'22" symmetry as a function of E3g, when 0=0, &;,=7, Z|4=5,
Z36=2’ )\1 =2.5, ﬁ33=§1|=§33=1, kl =0.5, and )\3=E|4=0.

magnetic susceptibility, whose contribution appears as a
product of the type _v_)\”,

(c) the dielectric constants are renormalized by the mag-
netoelectric coefficients and the magnetlc susceptibilities

with a contribution of the type .
(d) the problem can be dlscussed using the set of adimen-

e;
—= Ni=Njic, &
\644Mo

=£—0, and 'U“":E' In the calculations we have done, the val-
ues used for these quantities are reliable, although the piezo-
magnetic coefficients are known only for few materials;?®
and (e) the electromagnetic modes are given, to the zeroth
order, by the same equation independent of the symmetry
and of the angle 6, but depending on the renormalized di-
electric constants and the magnetoelectric coefficients; the
contribution of the piezoelectric and the piezomagnetic coef-
ficients and the angle appears as a term of the second order in
a. Furthermore the electromagnetic square frequencies are
positive if &2y, > )\% and &33433> >\§ and the group velocity
is less than c if the dielectric constants, the magnetic suscep-
tibilities, and the magnetoelectric coefficients satisfy the in-
equalities given by Egs. (41) and (42). Results specific of
each studied symmetry are instead summarized separately in
the following.

Cij b
sional quantltles c = E,-j e Zii=
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A. Hexagonal 622 symmetry

The acoustic modes are independent of 6 and their fre-
quencies can be calculated explicitly [see Eq. (B9)]. Two
modes are purely acoustic and the third one shows a strong
coupling to the piezoelectric and the piezomagnetic coeffi-
cients. The square frequency is always positive.

B. Tetragonal 422 symmetry

In this case the acoustic modes depend on 6 through the
12

term (566 )sin 26 cos 2 6. The acoustic modes have the
peculiar feature that the highest frequency, for large values of
Z, and Ey4, increases with a cooperative effect of the piezo-
electric and the magnetoelectric coefficients. Furthermore,
there is the possibility of finding frequencies independent of
Z,4 and/or E 4, coincident with the elastic frequencies (i.e.,
the renormalization contribution to the elastic and the piezo-
electric constants disappears).

C. Tetragonal 4’22’ symmetry

In this case all the features of the frequencies found in the
previous case are still present, with a possibility of having
negative square acoustic frequencies for reliable values of
the coefficient Z34. A particular situation is discussed in this
work to eliminate the instabilities, because no general crite-
rion of stability is found.
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APPENDIX A

In this appendix we show the derivation of some equa-
tions of Sec. II. By substituting Eq. (8) in Eq. (7) the follow-
ing are obtained:

ﬁ)CA + 0-'},B + AC66(9ylrlll + ik(C13 +f44)0-'xW_ h36ayEz - ikh]4Ey
_ 2% 5B — kB =0,
M33 M1
A = 3B + Mfesdxihy + ik(c 3+ faa) I W = h36d E. — ikh 4E,
- 565 B, - k4B, =0,
M33 M1
" 2 2 2 2
ik(ci3+ fa) Vi@ + [fuaV), + (0™ = c33k7) ]
XW = hyy(0.E, + 0,E,) - —+ 0B+ 3B =0.
(A1)

If the first and the second of Egs. (A1) are first derived with
respect to y and x, respectively, and then summed and first
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derived with respect to x and y and then subtracted, the fol-
lowing are obtained:

20,,A + (dyy = d,)B + AfesVoi +2ik(cs + fag) W

+ lh36VbM + lkh14((y)G + V ¢)) ( Z36 b k2ﬂ>Bz
M33 M1y

=0,

— (dyy = dp)A +20,,B -

ik(ci3 + f44)(9yy = I )W + kwh 4B,

+ ik (V2E. 4+ kG) =0,

M1

where M, G, F, F;,, C|, and H are defined in Sec. II. For what
concerns the equations for the scalar and the vector poten-
tials, the sixth equation in Eq. (7) is identically satisfied if the
fourth equation is used. For F,, F,, and F, the following
equations are obtained, respectively

(A2)

A
V,%Fx—<k2—ﬁzsl)Fx—i%[—(sl—l)ax¢+ L
c M

_ 1
+ hy{ik(dy = d,4h) + &yW}} + (1 - _—)asz
M33
36

Z A 1 N
|+ —2GE, ~ ik{(l - _—)By + _—HEy}
M33 M33 M1 M1

+ __ﬁvl/i

L ik{ik(a,0 + a, ) + W} =0,
M11

W N C
ViFy - (k2 _ stl)Fy - l?|:— (81 - 1)0')‘(154‘ /;;By
11

+ Iy {ik(dp0 + A,4) + &XW}} - {( 1- })aXBZ
M33

4 N 1 A
+@ax¢l+_—”asz] +ik{(1—_—>B ”E}
M33 M33 M1 M1y

+ ik ik (3,0 - d) + 0, W =0,
M1

_ _ 1 _ o
Vin"‘,U«nYze—,U«n(l - __>kG—1M11_2
M1 ¢

X (83 - I)EZ+ E36¢1 + MLABZi|
0

+ Z14{1.1“101 + (O')xx - av))W} = O, (A3)

where

¢ = (é)xx - Uv)yy)@ + 2axyl;b‘ (A4)

By deriving the first and the second of Egs. (A3) with respect
to x and y, respectively, and then summing or deriving the
same equations with respect to y and x, respectively, and then
subtracting, we obtain
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1 1
VG- —Z72G + k(l - _—)vin — O (e, - )V
C

M1 M1
+ h14(lk(r/f1 + 2ava)] k,LL {lk(Pl + (ﬁxx ayy)W} = 0,
11
VE{V;%CI N l()\33 - AH)M]
M33 M33
. w —_— T .
- l?ﬂllhm[_ ik@y = (9, — yy)W]
- l.k214(l.k¢'1 + 2(9xyW) = 0, (AS)

Since ¢==5(wG-kM) and Ff#(kG—C%M), from the first
of Egs. (A5), the third of Egs. (A3), and the equation V-D
=0 the following are obtained:

k 1
lvGig=-tu [“’ (sl - )v,EM

‘}’2 272 M1

e z
+ %(ikwl +20,,W)+ k_;4
M1

X{ik(Pl + (ﬁxx - ayy)W}:| ’ (A6)

1 1
_ViG'f' G= k_a)z(_viM'i' 83/7/“M>
C

v v
oy AN

+i k2 - (h36¢1 z)
C €p

214 .
- f{,kqol + (0= )W}, (A7)

1 k(1 7
—V2G+G=~ VM + 3M) ik + 20, W)
E1w

Y w(f el

+ iL(ﬁ36¢l + CABZ) . (AS)
E1w

By subtracting Eq. (A6) from Eq. (A7) and Eq. (A7) from

Eq. (A8), Eq. (19) is obtained. Equations (15) and (16) are

obtained from Egs. (A2) with simple calculations; Eq. (17) it

is obtained from the third of Egs. (Al); finally, Eq. (18) is

obtained from the second of Egs. (A5).

APPENDIX B

ThlS appendlx shows the explicit form of the terms A(”)
and B ) introduced in Sec. III B. For cases (a) and (b), it is
found that B\)=B\)=B%=B2=B2=BY=B2=0 and

B = (), + A sin® 260)g> + k> — y2,
B(lzl):_z%élsl? B(]%)z_k](gl:;'i'l),

Zia

2 2
352)221481, 313 T
1

€1,
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B(l(i) - qug% sin 26 cos 26,

k2
B(1£1)=—__1Z14H14, B(lls)=—k1H14a (Bl)
M1
B(221)=B(2%)=B(2):B(l):B(l)=B(1):B(2):0 and
0) _ _ - _
321 qlAC66 sin 26 COSZG 321 k H14Z14,
BY=H,z, BY=H, BY= ““H
220 = 14404, 23 =114, 23 = 14€15
1
Ci1—C, ~
3(291) = <% + AGgq cos’ 20) g+ fak =2,
2) — 2 (0) k%ZM
By =—pnHyy Byy=—"", (B2)
M1
1 1 0 2 0 2 0 2
B(31)=B(32)=B§3)=B(33)=B§4)=Bg4)=3(35)=3( '=0 and
~ q
BY) =kiq}(e,,+1), BY = k122481,
1
B(sg) = )’2 - ‘I% - 633k2, Bgzz) = ql ZZ481 )
1
qz
1
BY = PZMSI’ BY =-qiH 2,4
1
Bgls) =—qiH,4, (B3)

B)=B3=BY)=BY =B =B =B{)=B%=BY=0 and
BY =k Hyy B =—fnHy,

BY =- A, BY=-K2Z,,

BY=—(*+K), B =me,. (B4)
0)_ ) _ n0)_ p 1 1 2 1
B(51)=B(51)ZBgz)zB(sz)ng;=Bg4)=B(54)=Bgs)=0’ and
BY) =-kiqie\Zyy, B =qieZu,
BY) =e,q]+esky. BR=-ee300,
(591) =- k1CI1H14’ Bg%) == k%‘]%/\,
B(szs) =qiefinA. (BS)

To write the equation for the acoustic frequencies, it is con-
venient to define

bll = (Ell + AE()é Sin2 20)q%+k%,

Ell _C~12
e

+ AE66 COS2 26) q% +f44k2,
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by =qi + cuki, (B6)

and b;; B(O) for the other indices. The equation that gives the
acoustlc frequen01es in cases (a) and (b) is

O =+ x)(my + x2) - my* +x3=0  (B7)

with
m=Dbyy+ b,
=by11b3y + b31byy,
7= byzbss — bs3bys,
X2 = b23(basbss — bsabys) — oy + bys(byzbss — bszbas),
173 = b 1b14(ba3bss — bszbys),

(B8)

The form (B7) is convenient because in the case of the hex-

agonal group 73=x3=0 and the frequencies can be easily
calculated. They are

X3=b3ms.

_ _ —
yi= %[(611 +1)q; + Eyky = VA,

A:[(Ell l)ql C3gk2]2+4qul(cll+1)(C13+1)

yi= 566Q% +f44k%
Zi
Hi,q; — = ki(e1q] + 3k3) — 2H 4 Z1yAqiky

12 M1
1 _ 2,2 2 2
,U«11A2611k1 +&1q7 + £3k}

(B9)

The first two frequencies are purely acoustic, because the
quantities 77; and y; do not depend on the piezoelectric or
piezomagnetic coefficients, whereas the last one depends on
the piezoelectric, the piezomagnetic, and the magnetoelectric
coefficients. If ACgs# 0, the third-order polynomial is

D0=y6+b2y4+b]y2+b0 (BlO)
with
b2=X2_ 7717727
7
b = Xt~ X2~ 73
1= )
Yy
+
b0=X1X2 X3’ (B11)
7

For case (c), by defining

H =H o+ayH;;, G =G o+ayG,
y k\Z4 .
1,0=— " _ COSZH, H]’]=—H14Sln20,
M1
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kZ 2
Lo=— ;lz “sin 260, G, =H4cos26, (BI2) AY = ay - %ZMHLO cos 26,
11 1
the following are obtained: ) "
qi
A(l(i)=—a1 sin 20, A(111)=/7/11H14H1 0> A:(512)_ k21u’11<H14H1051n20+M Zl4Hl 1 COS 20)
’ 11
AP =g, H,H, .
11 = Mty A ‘]1 Z14H o1
3 = kzl.Lll H14Hllsln20+ K cos 260 .
=— k(13 + fag)sin 20, ! !
7 0
AV-_Hg sin 26, AV =_"7 ¢ cos 20,
Al =- M“H14H1 o AZ=- &HMHI 15 3% ko ? i i
ky ky
A0 _ (1) 612
(13 =—(H4+ Hyp), Ay =0, A(323):— k_31,l7«11H1481 sin 26,
1
2 Pl 148
A(13) =- k% ’ Ag(i) = q%ZMGl’O cos 26,
0 H_ - ky
A =B, cos 20, A= ,,H,4G . Al = ZIILL”<H14GI 0 Sin 260+ 7 — 714G, cos 20)
11
AR = nH G . 5
AN 91 214G 81
34 = Mll H14G1 1 sin 26+ cos 260 N
0 _ 2% 2 Zian ) ) _ ky ky
Ald=—"q1- —ki, Aj3=0, AT=0, (BI3)
M33 M X
A =- =147, sin 26,
AS) =— a, cos 20+ k\Zi4H, o, » ﬁuql o
(1) _ ) Zl4H1,0/,_L1181 A(315) = q%H14 COS 26, Agzs) = 0 (BIS)
A =k\ZiyH,,, Ayl = X )
1
Z36 Zyy :
(0) ~ = AE&] Mll( ‘12 k sin 26,
A22 =—- kl(C13 +f44)COS 20—Zl4H1’0, ILL33 /*l’ll
_ D _ (2)_
ZI4HI,O/*L1181 A41 /,Lllk H14 COS 20 A O,
Aglz) =—ZyH,, A(zzz) == T
1
Afg)=klzl4 Sin 20,
AT
(0) _ 2141 (2) _
A O A kl ? A2 _0’ A4(112>:_ﬁ11H14 COS 20, AEtzz):O»
Aga) == B, sin 20+ k1 Z14G , A4z = @A, A43 =0, A43 =0,
Z14G1 ofhy 1€ _ [ Zs6 Zyy
Azz) =kZ4Gy . A(ﬁ) = M, A44) == Mll( — Q% - _—kf)cos 20,
’ k, M33 M1
AV=0, AV=kH, AZ=0, (B14) AW =, kH,ysin26, A% =0,
A = qilk (@5 + fag) + Z14H o cos 26)], A =1, =0, AF=-ayer (B16)
AL = ¢IK5(H 4 + Hsg)sin 26,

Agll) = q%{%H14H1,0 sin 20+Zl4H1’1 COS 20:| N
1

T Z4H
Az) q%ll’;ll 14kl,081coS 29>,

(H14H171 sin 260+
1

AY) = ¢ty Zy4ey cos 26, AS) = — qHsefay 84 sin 26,
AY = - gikH,, sin 20,
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Aglz) =—qie,Z4 cos 20; Ag'zz) =0,

2 1 2 -
A(z—81f]1+83k1’ Ag3)=07 A(3)=_M118183

AY) = — FI3(H\, + Hyg)cos 26,

1 2 . 2 2 —
AL =ik Zye, sin20,  AS) = qiHgiy e, cos 20,

AY=-qikiA, Al =0, AQ=qli,eA. (B17)

The determlnant D, Can be easily calculated if we write Ag({),
A9, AW AY and AY) as

Al(i)=—y sin 20+ ay, A(I%)=y2cos20+a14,
A(O)_—y200529+a21, A§2>:—yzsin20+a24,

A32 =Yy +b32, (B18)

and

~ ¢ +c¢
a; = <f44k%+ le 2)sm 20,

a1y =~ (fauki + fosq?)cos 26,

ay1 = (Faght + €11q7)c0s 20+ ky Z 1, H o,

~ C
ayy = (f44k% + % 2>Sln 20+ k Z14G1 0>

2

X Zl4H10COS 20) (B19)

az =— <f44‘I1 + C33k1
1

For the remaining terms Agf)zaij. It is obtained

Do =y%+ayy* + ay* + ay, (B20)
where
T — 07 + ()
612:—0']+ N
)
03— T)0|— 04+ 05— 0g+0g— Ty
a1=7'1+ >
a3
7'17'2—7'3+ T4—7'5+7'6— T7+ 7'9+7'10
ag= . (B21)
g3
and

g = (6111 + 6124)Sin 20+ ((121 - a14)cos 20,

073 = Ay3dss — ds3,
g3 = 6122(0436155 - (153)(034 sin 260+ asy COs 20) .

gy = (122(6133(155 - (1536135)(6144 sin 260+ ayy COS 20),
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05 = dp(as3 — ausass)(asy sin 260+ as; cos 26),
T) =d11dr4 — dp1d 14,
Ty = a30, — a33(Ayass — asy) + azs(agpass — asydys) s
T3 = ay(agdss — as3)(asa, — azan),
T4 = a(as3ass — As3ass)(agay — aqdis),
Ts = ay(as3 — au3a35)(assayy — asians), (B22)
P1=byysin 20— by, cos 206,
11 =bysby — bybyy,
P2=bi3bss—bs3bys,
72 =by5(b33bss — bszbss) — byy(by3bss — bszbys)
+bsy(by3bss — bysbys),
07=p1P2,  Og=pira+pary,
T, =1y, (B23)

S1=b1a(bazbss — bs3) = b3(barbss — bsy)
+by5(byrbsy — bsybys) s

O¢= Sl(b14COS20— b31 sin 20),

To = S1(b3yby) — b31bys), (B24)

Pp3=das4 COS 26— asy sin 20,

I3 =ds4dy) — ds Ay,

Pa=d13—dyzds,

ry=ayp(azs — ay3ass) — az(ags — asa;s)

+ag(ay3ass — azays),

O9=Pp3Py, Tg=P3lg+pyrs,

(B25)

Tg =131y,

Ti0 = — Ay (a3,a4q — a41a34)(a13a55 — As530115)

+ax(azasy — asasy) (a3 — assa;s)

= ay(ay sy — asyag)(a3ass — azsas).  (B26)

APPENDIX C

In this appendix we discuss for the symmetry 4’22’ the
particular case J.f=4d,f=0 that can be treated analytically,
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without the approximate calculation of the acoustic and the
electromagnetic frequencies. The matter displacements and
the electromagnetic field depend only on x and ¢. The con-
stitutive equations (3)—(5) and the Maxwell equations V-D
=0 and V-B=0 give the set

SllaxEx‘i' )\llo'?xHX=0,

/'Lllo”xHx-")\ll(?xEx:O (Cl)

whose solution is d,E,=d,H,=0 if e ;| # )\%1. The fields E,
and H, do not depend on the spatial coordinates. The me-
chanical equations of motion [the first three of Egs. (7)] give
then

Cl10n U =— szu,
Co60u — €360kE, — 2360,H, = — 0wV,
CaaOx W — €140 Ey — 7140, H = — oww. (C2)

The first equation says that the displacement u satisfies the
acoustic wave equation with dispersion relation

=(2)"24 ; furthermore, the displacement v is connected to
the fields E, and H, (second equation) through the piezoelec-
tric and the piezomagnetic coefficients e;s and z34 and the
displacement w is connected to £, and H, through ¢4 and z;4
(third equation). The other Maxwell equations give

- 9,E.=iwB,, d,E,=iwB.,

aH.=iwD,, &H,=—iwD (C3)

z*

Using the constitutive equations to calculate H_, H,, D, and

D, and substituting in the Fourier transform of Eqs (C2) and
(C3), the following are obtained:

( — food )0 + iBH3g——— /— - l%c%36 i =0,
NCaafo M33 NCyafbo
B, . Z, B
(= faaqi) W — iBH s == - iq,— ———==0,
NCaafho M1 \'044,“0

2 - M

4 o 9i—&pupB B )
=W+ i— 7 =+ iBA

M1 M119x VCqaM0 N Caa g

2 - 3
B, 4y~ €1M33B° B

+ i 7
M339x NCaafho

Zs o -
_ qxv + B H W + iBA— =0.
M33 \ 044,“0

(C4)

The eigenfrequencies are now obtained through the equation

PHYSICAL REVIEW B 80, 094103 (2009)

AAs Ziy o AZyy
01‘13( - _— + ,32/\2) =g — = - BH A
G 11433 ﬂn Mi1M33
H,A
H 403
+a\B H14<H14Aq - )
Jo
HieA Z36A
—03,321'136( — q;
M33 M33
Z Z36A
q; 36(B2H36A Zae0s )
M3 M3z
Z3Ziy 5\°
—qx<ﬁ HyHy+ ———q;| =0, (C5)
M3z iy
where
al=x2—f66%2a a3=x2—f44q§,
A=qi-efinfl Ay=q;—exii B (C6)

The fourth-order Eq. (C5) cannot be reduced in a simpler
form even if the piezoelectric, the piezomagnetic, and the
magnetoelectric coefficients are zero. In this particular case,

the eigenfrequencies are a;=0 [1 e., w= (LM)” 24.), a;=0[i.e.,
_(666)1/261)(] A3 O (le (,l)— ) and Al—() (1e w

= =¢q,), i.e., two modes are acoustlc and two are electro-
Ve M33

magnetic. The dielectric constants are positive only if
g1t >N}, and e33433>\3;. Furthermore, Eq. (C5) con-
tains renormalized elastic and piezoelectric coefficients and
also terms in B2, i.e., of the order of . This might be the
indication that the acoustic frequencies are modified even to
the zeroth order in a. But it is easily shown that this does not
occur because to the zeroth-order Eq. (C5) becomes

2%4 2 Z36 2, Z Z%e 4
aaztay—q.tays— gt — — 4,
M1 M33 M1 433

Z z
(a1+ﬁq§)(a3+_—'4q§) =0, (C7)
M33 M1

so that all the renormalizing terms disappear. On the other
hand, if we divide Eq. (C5) by aa; it is found that the
zeroth-order electromagnetic solutions are given by A;=0
and A;=0 and the first corrective term is of the order a?.

In conclusion, one mode is purely acoustic and concerns
the matter displacement along the x axis; the other two pi-
ezoacoustic (electromagnetic) modes are coupled to the elec-
tromagnetic (piezoacoustic) field only through terms of the
order a?. Analogous results are found in the cases d,f= hf
=0 and J,f=4,=0.

APPENDIX D
1. Case sin 20=0

In this case the wave vector has components along the x
and the z axes or along the y and the z axes. The matrix
elements (31)—(35) assume a much simpler form, yet the
problem cannot be analytically solved. Further constraints
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must be imposed. If, for instance, z;=\;;=0 (purely piezo-
electric material), then f44=C44, .f66=6667 ]’l14=€14, h36=636
and the coefficients A s, A3, Ay3, and Ass are zero. The wave
vector has components only along the x and the z axes or
along the y and the z axes and the eigenfrequencies are found
through the equation

[A13As4 — As3A411[A21(A3A s + ApAss)
+Ap(A31A s — AyAszs) —Axs(A31 A +AyAs)]=0.
(D1)

When the factor in the first row of Eq. (D1) is zero, the
quantities M s lz, and G are not zero, but ¢= Ww=C 1=0. This
implies that B,=0, E.#0, F,=d,H (i.e., F,=iqH), F,=d,H
(i.e., Fv—zqy H), u= o (e, u=iqyzZ), v=—0. (e., 0=
—iqxtﬂ), and du+d,w=0. The acoustic and the electromag-
netic eigenfrequencies are

e (E14 + Ezo)°
E11q” + Exk”

1 (q2 kz)
—\—t+t— )
M1 \€33  €q

showing that the piezoelectric coefficients modify the acous-
tic frequency even to the zeroth order in a.

When the second factor of Eq. (D1) is zero, M=y=G
=0 and @, W, and C , are not zero. This implies that B #0,
E F $=0, F, =d,C, (ie., F—lq)C) Fy=-0,C (ie., F
=—ig,C)), u=d,¢ (ie., i=iq,p), v=0dy¢ (i.e., 0=ig,@), and
dyu—d,w=0, V-E=0. The frequencies are found by solving
the third-order algebraic equation discussed in Sec. IV.

Another example is the case in which e;;=\;;=0 (purely
piezomagnetic material). This implies that h14—0 h3=0 and

the coefficients A3, Ass, Azy, Ayz, and Ass are zero. The
eigenfrequencies are given by

[A1A45 — ApA 5][As (ApAsy; — AjzAs))
+Ap(A31As; — A33As)) —Ax(A31As; — As1A3)]=0.
(D3)

.X2 = k2 + 566q2 +

B = (D2)

When the factor in the first row of Eq. (D3) is zero,  and C,
are not zero, but (,B:W:]VI:@:O. This implies that Ezaﬁ 0,
E.=0, F.=¢=0, F,=4,C, (i, F,=iq,C)), F,==3,C, (i.e.,
Fy:—iqxél), u=ayi (i.e., L'Z:iqytz), v=—0.4 (i.e., T=—iq, ),
and d,u+d,v=0, V-E=0. The acoustic and the electromag-
netic frequencies are

_ 2

= = 211236

X2 = fuk® + fesq” — (Zl4k2 - __qz) ,
M33

ﬁn(kz + 612)

Br=——(+K), (D4)

M11€11

showing again that the acoustic frequency is modified to the
zeroth order in a by the piezomagnetic coefficients, but it
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appears also the possibility that such mode becomes instable
when x2=0.

When the second factor of Eq. (D3) is zero, we have o
261 =0, ¢, W, M are not zero and B.=0, Ez # 0. This implies
that u=d,¢ (i.e., 1=iq,d), v=4dy¢p (ie., v=—ig,®), and dyu
~00=0. F,.=d,H (e, F,=igH), F,=0,H (i.e., F,=ig,H).
The third-order algebraic equation is discussed in Sec. I'V.

2. Case cos 20=0

In this case the wave vector has components |g,|=|g,| and
k not zero. For purely piezoelectric materials the eigenfre-
quencies are found through the equation

[ArA 45 — ApAssl[A 1 (ApAsy — AspAsy)

+Ap(A3As3 — Aj3As)) —A3(A31A5,— As1A5) ] =0.
(D5)

When the factor in the first row of Eq. (D5) is zero, we find
that J and 51 are not zero, but ¢= W=M=G=0. This implies
that B.#0, E.=0, F,=$=0, F,=d,C, (ie., F,=iq,C)), F,=
-4,Cy, (e., I;y=—iqxél), u=d (ie., L7=iqylZ), v=—0¢
(i.e., JZ—iqle), and d,u+d,v=0, V-E=0. The acoustic and
the electromagnetic frequencies are to the zeroth order in a,

g, -7
x22k2+%q2,
k2+q2
2
= D6
p M€ (b6)

The piezoelectric corrections are of the second order in a.

When the second factor of Eq. (D5) is zero, we have
—51—0 o, W M are not zero, and B,=0, E #0. This im-
plies that u=4.¢ (i.e., u—qugo) v= (?v(p (i.e., v——zqv<p) and
du—-dw=0. F,=d.H (ie., —quH) Fy=0H (ie., F,
—zqu). The third-order equation gives, in this case, the de-
pendence of the frequencies on the piezoelectric parameters,
as it is shown in Sec. IV.

For purely piezomagnetic materials the eigenfrequencies
are given by

[A23A54— ApuAs3][A11A3ALs — A a(A31A s — AsyAss)

X[~ A 5A3A4]=0. (D7)

When the first factor of Eq. (D7) is zero, the quantities M, i,
and G are not zero, but &:VT/: C 1=0. This implies that EZ
=0, E.#0, F,=d,H (i.e., F,=iqH), F,=d,H (i.e., F,=iq,H),
u=d,y (ie., ﬁ:iqyzz), v=—0 (i.e., 0=—ig.}), and Ju
+d,v=0. The acoustic and the electromagnetic eigenfrequen-
cies are to the zeroth order in «,

Clu=Cn ,
q

=k + s
2
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= 2. = 12

€ + &33k

= T (D8)
M11€11€33

showing that the piezomagnetic correction to the acoustic

and electromagnetic modes is of the order o’.

PHYSICAL REVIEW B 80, 094103 (2009)

When the second factor of Eq. (D7) is zero, M=¢=G
=0 and o, W, and 51 are not zero. This implies that Eﬁ& 0,
E.=F.=¢=0, F,=4,C, (ie., F,=iq,C)), F,==0,C, (ie., F,

=-iq,C)), u=d,¢ (i.e., i=iq,@), v=0,¢ (ie., U=iq,§), and
du—dv=0, V-E=0. Also, this case is discussed in Sec. IV.
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